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You may remove this page from the booklet by tearing along the perforations.

LIST OF MATHEMATICAL FORMULAE FOR USE IN
STAGE 2 SPECIALIST MATHEMATICS

Circular Functions

sin? A+cos? A=1

tan® A+1=sec’ 4

1+ cot® 4= cosec’4

sin(A4 £B)=sin Acos B £cos Asin B
cos( A4t B)= cosAcos B+ sin Asin B

tan A+ tan B
1+tan A tan B

sin2A4 = 2sin Acos 4

tan(Ai‘B):

cos2A4 = cos’A—sin*4
=2cos? A—1
=1—2sin* 4
2tan A
1—tan* 4
2sin Acos B =sin(A4+ B)+sin(4— B)

tan2A4 =

2cos Acos B =cos(A+ B)+cos(A4—B)
2sin Asin B = cos(A4 — B)—cos(A+ B)

sin A+ sin B=2sin+ (A+B)cos (4+B)
cos A+ cosB=2cos5 (A+B)cos (4-B)

cosA—cosB=-2sin= (A—i—B)sm (A B)

Matrices and Determinants

b
|fA=[a d}then det A =|4|=ad —bc and
C

A*l—i d -b
_‘A‘ - al

Quadratic Equations

—b +b* —4dac

If ax® + bx +c¢ =0 then x =
2a

Distance from a Point to a Plane
The distance from (x, y;, 7, ) to
Ax+ By +Cz+ D =0 is given by
| Ax, + By, +Cz + D|

JA2+B*+C?

Derivatives
. dy
X)= X)=—
Sx)=y | F(x)=
. 1
arcsin x
1-x2
-1
arccosx >
1-x
1
arctan x 1+ 22

Properties of Derivatives

s <x>g<x>) ()g(x)+f() ()
( ] S fgx>g'<x>
g(x)]

Integration by Parts

J1r@e)ae=r(x)g(x)- [ £(x)g'(x)as

Volumes of Revolution
b

About x axis fﬂyzdx, where y is a function of x.

a
d

About y axis fﬂxzdy, where y is a one-to-one
c

function of x.

Mensuration

1 . .
Area of sector = 5}’20, where 0 is in radians.
Arc length = 76, where 0 is in radians.

In any triangle ABC:
A

B a ¢

Area of triangle = %ab sinC

a b ¢

sind sinB sinC

a’> =b*+c* —2bccos A
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The examination questions begin on page 6.
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PART 1 (Questions 1 to 10)
(75 marks)

QUESTION 1 (5 marks)

(a) Find J-cos tsin’ 7 dr.

(2 marks)

(b) Abuilding in a small town casts a shadow during daylight hours. The area of the shadow changes
depending on the time of day. The rate of change of the area of the shadow can be modelled by
the differential equation

% =-2¢+150cos ¢ sin” ¢
dr

where A is the area of the shadow in square metres and ¢ is the time in hours. At sunrise, t =0
and 4 =375m".

Solve the differential equation, and hence find an expression for the area of the shadow at time .

(3 marks)

page 6 of 26



QUESTION 2 (6 marks)

Polynomial S (x) has a remainder of x +1 when divided by x° +x —2.

(a) (i) Write S(x)in the form S(x)=0(x)D(x)+R(x), where O(x)is the quotient, D(x)is the
divisor, and R(x) is the remainder.

(2 marks)

(i) Find the remainder when S(x) is divided by x +2.

(2 marks)

(b) If P(x)=S(x)—T(x), where T (x)is a polynomial and 7 (~2) = —1, show that x = -2 is a zero of
the polynomial P(x).

(2 marks)
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QUESTION 3 (6 marks)

Figure 1 shows rhombus OPQOR with OP = p and OR =r.

Figure 1

(@) (i) Find OQ in terms of p and r.

(1 mark)

(i) Find PR in terms of pand r.

(1 mark)
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(b) () Show that 00 PR =|r[* ~|p[*.

(2 marks)

(i) Hence prove that the diagonals of the rhombus OPQR are perpendicular, giving reasons.

(2 marks)
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QUESTION 4 (7 marks)

A curve has the following parametric equations:

{x(t)=@

(t) " where 0<¢<
y(t)=sin

o

(a) Draw a graph of this curve on the axes in Figure 2.

y

3

Figure 2 (3 marks)

(b) Show that all points (x,y) on the curve that you drew in Figure 2 satisfy the equation x4+ y2 =1.

(1 mark)
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dy -2x°
y

(c) Use implicit differentiation to show that , Where y #0.

(2 marks)

(d) Find the slope of the tangent to the curve at ¢ = %

(1 mark)
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QUESTION 5 (8 marks)

(a) Use mathematical induction to prove that:

1 1 1 n
—+———+...+ — =
4x1°—-1 4x2°-1 4xn -1 2n+l1

, Where n is a positive integer.

(6 marks)
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(b) Hence find, in simplest rational form, the value of %+ L +...+ L

35 399

(2 marks)
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QUESTION 6 (7 marks)

Figure 3 shows the area of grass, 4, cut by a single sweep of a tool called a ‘scythe’, when used by a
person standing at position O.

0

~
7/ n\
0N
I ~—\

This photograph cannot be

x reproduced here for copyright P
reasons.

Figure 3 Source: Emily, December 2014, The Scythe \—"

Supply Blog, © 2001-17 Scythe Supply.
Al rights reserved Scythe

1
The area of cut grass is 4 = E(x2 + 2x) 0, where x is the width (in metres) of the area of cut grass

and 0 is the angle (in radians) through which the scythe moves in a single sweep.

2
(a) Showthat%:(x+1)99+ R )
dr dr | 2

(3 marks)
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(b) Consider the instant when x =0.5 mand 4 = 1 m>.

(i) Find the value of 6.

(1 mark)

(i) Using the information in part (a) and your answer to part (b)(i), find c(iiA at the instant when
t
de 2
d— = ?ﬂ radians per second and when x is increasing at 0.2 m s™'.
t

Give your answer correct to four significant figures.

(3 marks)
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QUESTION 7 (8 marks)

Figure 4 shows a circle with centre 4 in the complex plane.

Im (z)

25¢4
P
10
o
v
Figure 4

(a) Write down an equation, in terms of z, that describes exactly all points on the circumference of the

circle in Figure 4.
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(b) The line [ through the origin O is tangent to the circle at the point P.

The point P represents the complex number w.

(i) Show that|w|=20.

(2 marks)
(iiy Show that arg w=ZOAP.

(2 marks)
(iii) Hence write w in the form a + bi.

(2 marks)
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QUESTION 8 (10 marks)

1
a) Show that — = .
@ x—2 x+3 (x—2)(x+3)

(1 mark)
5
Letf(x)=—(x_2)(x+3) .

(b) (i) Draw the graph of y = /(x) on the axes in Figure 5.

>

Figure 5 (3 marks)
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(i)

(iii)

Draw the graph of y = ‘f(x)‘ on the axes in Figure 6.

>

=

Figure 6 (1 mark)

Draw the graph of y = ‘f(x)‘ — f(x) on the axes in Figure 7.

>

> X

A

Figure 7 (2 marks)
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(c) Find the exact area between the graph of y =| f(x)|— f(x), the x-axis, and the lines x = -2
and x =1.

(3 marks)
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Question 9 begins on page 22.
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QUESTION 9 (8 marks)

(a) (i) Use integration by parts to find jxez"dx.

(3 marks)

(i) Use integration by parts to show that

1 1 1 .
Ixzezxdx = Exzezx ——xe* 4 Zezx + ¢, where c is a constant.

(2 marks)
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(b) Let f(x)=xe".
The graph of y = f(x) for x = 0 is shown in Figure 8.

¥

—_—————— — —— — =

Figure 8

Find the exact volume of the solid obtained when the region bounded by the graph off(x) on the
interval [0, 1] is rotated about the x-axis.

(3 marks)
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QUESTION 10 (10 marks)

Figure 9 shows points 0 (0,0,0), P(1,sin6, cosd), and O (\/5 1, 1). The vector a = OP and the vector
b="PO.

Q

Figure 9

(a) (i) On Figure 9, draw and label the vector a +b. (1 mark)

(i) Calculate |a+b|.

(1 mark)

(b) (i) Show that|a|+|b| =\/§+\/6—2\/§—2(sin9+c059),

(3 marks)
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(i) State why 2 < \/§+\/6—2\/§—2(sin9+0059).

(1 mark)
(c) (i) State the relationship between a and b when 2 = /2 + \/6 —22- 2(sin@ +cos0).
(1 mark)
(i) Hence find an exact value of 6 for which 2 =+/2 + \/6 —2J2- 2(sin@ +cos0).
(2 marks)
(iii) Hence show that 2 = J2+ \6 YNGR
(1 mark)
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You may write on this page if you need more space to finish your answers. Make sure to label each
answer carefully (e.g. Question 10(b)(i) continued).

page 26 of 26 — end of question booklet
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PART 2 (Questions 11 to 15)
(75 marks)

QUESTION 11 (14 marks)

(a) A particle moves according to the following parametric equations:

x(t)=1
(t) Ry where —2<t<2.
y\u)=r —

(i) On the axes in Figure 10, draw a graph of the path travelled by the particle.

Figure 10 (3 marks)

(i) Find the values of r when y(¢)=0.

(1 mark)

(iii) Find the length of the path travelled by the particle on the interval -1 <7 <1.

(3 marks)
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(b) Consider a different particle moving y
according to the following parametric
equations:

x(t)=t>
(t) Ry where —2<¢<2. 0\_/1 x
)=t -

The graph of the path travelled by this
particle is shown in Figure 11. y

Figure 11

(i) Find the total length of the path between the x-intercepts x = 0 and x = a; that is, find the total
length of the loop.

(3 marks)
3 1
(i) (1) Show that the path travelled by this particle is given by y = i{xz —2x2j .
(2 marks)
2
3 1
(2) Calculate {xz —2x2]dx,
0
(1 mark)
(3) Hence find the area enclosed by the loop.
(1 mark)
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QUESTION 12 (16 marks)

Consider the system of equations shown below.

X+2y+2z=4
2x+y—-2z=5
3x+2y—-2z=8

(a) (i) Write this system as an augmented matrix.

(1 mark)

(i) Stating all row operations, show that this system of equations has the following solutions:

x=2+2t
y=1-2¢
z=t

where ¢ is a real parameter.

(3 marks)

page 5 of 18 PLEASE TURN OVER



(b) Consider three planes in space, £, P, and B, defined by the system of equations shown below.

B: x+2y+2z=4
P 2x+y-2z=5
P:3x+2y-2z=8

(i) Using the information given in part (a)(ii), show that the points 4(2, 1, 0) and B(0, 3, 1) are
common to all three planes.

(2 marks)

(i) Show that A and P, are perpendicular.

(2 marks)
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(c) Figure 12 shows the point C(0, 6, 2) on P,, the point D(12, —4, 0) on B, and the line / through C

and D intersecting P, at the point E.

Figure 12

(i) Find, in parametric form, the equation of /.

(i) Find the coordinates of E.

(iii) Find the distance from E to F.

page 7 of 18
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(2 marks)

(2 marks)
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(d) The equations of A and P, are used to model two hillsides that meet at a river, as shown in
Figure 13.

B: x+2y+2z=4
P :3x+2y-2z=8

The river is modelled by the line where the two planes meet. A straight bridge, modelled by /,
connects C(0, 6, 2) to D(12, -4, 0).

Figure 13

The point £, on the bridge, must be at least 1 unit from £, and at least 1 unit from £.

Does the model satisfy this condition? Show your calculations.

(2 marks)
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QUESTION 13 (15 marks)

(a) (i) Solve z’ =—1. Write your solutions in polar form.

(3 marks)

(i) Draw the solutions on the Argand diagram in Figure 14, labelling each solution in an
anticlockwise direction from z; to zs, where z; is the solution with the smallest positive
argument.

Im (z)

-Re()

v

Figure 14 (2 marks)

Join your solutions labelled z;, z,, z3, z4, and zs to form a pentagon.

(iiiy Show that |z, — 25| = 2sin%

(2 marks)
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(iv) Show that the perimeter of the pentagon is IOSin%.

(1 mark)
.5 . 2rn
(v) Show that the area of the pentagon is Esm—.
(2 marks)
Consider the solutions to 7" = —1 for integers n > 3.
(b) A polygon is obtained by plotting and joining the solutions of 7" = —1.
Let P(n) be the perimeter of this polygon.
(i) Write down an expression for P(n).
(1 mark)
(i) State the shape of the polygon formed as n — .
(1 mark)
(iii) What exact value does P(n) approach as n —o0?
(1 mark)
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(c) Let A(n)be the area of the polygon described in part (b).

(i ShowthatA(n)zgsinz—ﬂ.
n

(1 mark)

(i) What exact value does A(n) approach as n — o?

(1 mark)
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(15 marks)

QUESTION 14

Petri dish

(a) In an experiment one type of bacterium, called

alpha, was grown in a Petri dish.

The rate of change of the area in the Petri dish

©
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©
o
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o
—
[0
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e}
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©
>
e}
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o
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e
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by the differential equation

!

A(SO—
where 4 is area in cm? and ¢ is time in days.

1

2

d4

dt

50

Source: © Satirus | Shutterstock.com

(i) Att=0,the area in the Petri dish that is covered by alpha bacteria is 1 cm?.

On the slope field in Figure 15, draw the solution curve.

A

AN NN N N N N N N N N N N N

AN N NN N N N N N N NN

AN NN N e N S Y N W

AN NN N N N e N S NN NN

AN NN NN N N NN NN N S N N N N N

AN NI NN N N N U U U S NN N N N R

AN NN NN N N N NN N N N A

AN N NN NN N NN NN NN NN N N N N N N N N

AN N NN N N N N e NN

AN NN NN NN N NN N U N N N N N N

AN NN N N e N NN N N N N N

NN NN N A N S N W

AN N NN NN N NN N N N N N N N

AN N NN N NN N N S N N S N N W

AN N N N N N N N -

A NN NN N N N N N N N N N N NN

///////////////////////.

AN N NN NN N N N N NN N N N N N N N N N N

12 14 16 18 20

10

8t e e

— — — — — — +— t S e
<t S Ne} o 0 <t o Ne} 9\ o' <
<t <t on on [\l [\l (@l — —

(3 marks)

Figure 15

50 1
=—+ .
50-4) A4 50-4

(

A

(i) Show that

(1 mark)

page 12 of 18



(iii) Use integration to solve the differential equation

&t 2

d4 IA[SO—AJ
50

with initial condition 4(0)=1, and show that the area covered by alpha bacteria can be
modelled by

50
1+49¢7%3

(5 marks)

(iv) State the maximum area that is available for bacterial growth.

(1 mark)
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(b) Whent=1,a

different bacterium, called beta, was accidentally introduced to the Petri dish. Beta

bacteria grow more quickly than alpha bacteria. The area, B, in the Petri dish that is covered by

beta bacteria

can be modelled by
_ 50
1+79¢

where d is time in days after the beta bacterium was introduced.

Figure 16 shows the graph for the area in the Petri dish covered by beta bacteria d days after the
beta bacterium was introduced.

B
50+
40+
30+
20+
10+
f } > d
3 4 5
Figure 16

(i) Find d and B when the rate of growth of beta bacteria is at its greatest.

(i) Find the
bacteria

(2 marks)

area of the Petri dish covered by alpha bacteria when the rate of growth of beta
is at its greatest.

(2 marks)

(iii) When the Petri dish is completely covered by bacteria, which bacteria is likely to cover more
area of the Petri dish?

(1 mark)
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QUESTION 15 (15 marks)

(a) Consider the equation x” + x> +x+1=0.

(i) Show that x=-11is a root of this equation.

(1 mark)
(i) Show that there are no other real roots.

(1 mark)

(b) Letg(x)= Jx and h(x)=x"+x"+x+1.

(i) Find the composite function g(A(x)).

(1 mark)
(i) State the domain of g(/(x)).

(1 mark)
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(c) Consider f(x)=vx’+x’+x+1.

() Draw the graph of y = f/(x) on the axes in Figure 17.

A
A
=

Figure 17 (2 marks)

(i) Explain why f(x)has an inverse, /™' (x).

(1 mark)
(iii) Using your answer to part (c)(i), sketch the graph of /' (x) on the axes in Figure 18.
y
3
3+ y=x
21
14
<« : : : : > x
-3 -2 -l 1 2 3

14
21
31

Figure 18 (2 marks)

page 16 of 18



(iv) (1) Find £ (1).

(1 mark)
(2) Find f7'(2).
(1 mark)
d) Ify=/"(x), then x=f(y).

(i) Use implicit differentiation to show that i(f‘l (x)) by 1

dx de  f'(y)
(1 mark)

(i) Find i( S7(x)) atx=2.
dx

(3 marks)
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You may write on this page if you need more space to finish your answers. Make sure to label each
answer carefully (e.g. Question 14(a)(iii) continued).

page 18 of 18 — end of question booklet




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.6
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket true
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Preserve
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /ENU (Use these settings to create Adobe PDF documents suitable for reliable viewing and printing of business documents.  Created PDF documents can be opened with Acrobat and Adobe Reader 6.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2540 2540]
  /PageSize [595.276 841.890]
>> setpagedevice




